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Lec 3: Hidden Markov Models (Part 2: Decoding)
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Where are HMMs used?

Speech Recognition

Activity Recognition

Music Transcription

Finance

[ Acoustic Signal ]

[ Sensor Readings ]

[ Audio features ]

[ Financial indicators ]

[ Phenomes: Pat/Bat ]

[ Activity: walking ]

[ Musical notes ]

[ Bull, Bear, Stable ]




Hidden Markov Model
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Input to the HMM: A sequence of T }

O = {017 095 « « iy OT} [ observations




P1: Likelihood Computation
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=> Given the ice-cream eating HMM, what is the probability of
the sequence of ice creams eaten being 3, 1, 3?
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Brute Force vs. Forward Algorithm & O ©
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Forward Algorithm

1. Initialization:

a1(j) =p(s1=j) plor | s1=3) 1<j<N
2. Recursion:

N
() = ou1(i) plsy =37 |se1=1)-plog| s =34) 1<jSNI<t<T
=1

3. Termination:

N
p(0) = Z ar(i)



Forward Algo: Pseudocode a;(j) = p(01,09,...,04 8t = )

function FORWARD(observations of len T, state-graph of len N) returns forward-prob

create a probability matrix forward[N,T]

for each state s from 1 to N do al(j) = p(Sl = j) 'P(Ol \ §1 = j)
forward[s,1]+mg * bs(oy)
for each time step from2to Tdo (5 —Zat 1(9) - p(se =3 | 81 =1) - plog | 8 = )
for each state s from 1 to N dg

forward|s,t] <+ Z forward[s’,t —1] * as s * bgs(or)

s =1

N N
forwardprob Z forward[s,T| p(0) = Z ar(1)

=1
return forwardprob

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Forward Trellis @
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Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

HMM: Three Fundamental Problems

Problem 1 (Likelihood):
Given an HMM A = (7, B) and an observation sequence O, determine the likelihood P(O | A).

Problem 2 (Decoding):
Given an observation sequence O and an HMM X = (T, B), discover the best hidden state

sequence.

Problem 3 (Learning):

Given an observation sequence O and the set of states in the HMM, learn the HMM parameters T

and BB.



Problem 2: Decoding



Problem 2: Decoding
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Find the hidden state sequence that was most likely to
have generated the input observation sequence.
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arg max p(81,82a83 ’ 0] = 3702 — 1a03 — 3)?

51,52,83




Decoding: Equivalent Objective =~ & max plsi sz, safo1=3,00 = 1,05 = 3)7

p(ola 02, 03, S1, S2, 33)
p(017 02, 03)

p(81)82v33 | 01702’03) —

arg max p(81752783 | 01702703) — arg max p(01)02703351782a33)
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Viterbi Algorithm: Building Blocks arg max p(o1, 02, 03, 31, 52, 53)

Define: v(j) = _ max (81,825,584 1,01,09,...,0 8 = J)
199240 « «99t—1

)=t =)
i1

Goal: max p(si, $2, 83,01, 02, 03)

51,582,583
I?as'xp(sla §2,01, 02,03, 83 = C) maxp(sl, §2,01, 02,03, 83 = H)
1,52 51,52
N ;
maixrgla;xp(sl, $2,01, 02,03, 83 = 1)
1= 1,92

Goal obtained by: m]éx vr(7)



Viterbi Algo: Recursion ve(j) = maxp(si-1, 014, ¢ = J)

S1:t-1
P(81:4-1,01:4, 8t = J) = P(S1:4-2,01:4-1, 811, 0t 8t = J)
= p(81:4-2,01:¢-1,8¢-1) * P(0¢, 8t = J | S1:4-2,01:4-1, 5¢-1)
= p(slzt—2, O01:t—1, St—l) 'p(St =3 | 81:t—2,01:t—1, 8t—1) 'p(Ot \ 8t = J, 81:t—2, O1:4—1, St—l)
= p(81:4-2,01:4-1,8t-1) *P(st = J | 81-1) - p(ot | 8t = )

p(81:t-1,01:4, 8t = J) = P(81:4-2,01:t-1,8t-1) - P(st = J | $t-1) - p(0t | 8t = J)



Viterbi Algo: Recursion

DP(81:4-1,01:4, 8t = J) = P(81:4—2,01:4-1,8t-1) - P(8t = J | 8t-1) - (0t | 8t = 7)

Iglaxp(slzt—la O1:ty St = .7)
1:t—1

N

= max max p(si:t-2, 0141, 81 = &) - p(s¢ = J | s¢-1 = 4) - p(or | 8t = j)
— 1:t—2

N

vi(j) = maxv, (@) - i - bj(or)



Viterbi Algorithm

1. Initialization:

Vl(j) = ﬂjbj(Ol) 1€ j<N
btl(j) = i) 1 <3 <N

2. Recursion

v(j) = ml\éf(vr—l(i)aijbj(@); izf=N jce=T
=

bi(j) = argmaxvi—(i)aijbj(o); 1<j<N1<t<T
=

3. Termination:
N

The best score: Px = max vr (i)
=
N
The start of backtrace: ¢gr*x = argmax vy (i)

i=1

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Viterbi Algorithm: Pseudocode

create a path probability matrix viterbi[N,T] Vi ( J) = thb j(Ol) 1<j<N
for each state s from 1 to N do ; :
= Lr< N
viterbils, 11415 * by(o1) g = 1
backpointer[s,1]+0

N

for each time step 7 from 2 to 7 do ; recursion step v (J) — mMaxve (,) ajj bj(Or );
for each state s frgm 1 toN do i=1
viterbi[s,t] «— max viterbils',;t — 1] * ay s * bs(or) . N .
T bt;(j) = argmaxv,—i(i)aijbj(o;)
backpointer[s,t] <+ argmax viterbi[s',t — 1] * ay s * bs(o;) =1
¥=1 .
N
N Px = max vr(i)
bestpathprob < max viterbi[s, T] . termination step ’:‘N
e N gr* = argmax vy(i)
bestpathpointer<+— argmax viterbils,T| : termination step i=1

s=1
bestpath +— the path starting at state bestpathpointer, that follows backpointer[] to states back in time

Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Viterbi Trellis
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Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf

Trellis: Forward vs. Viterbi
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Source: SLP, Dan Jurafsky



https://web.stanford.edu/~jurafsky/slp3/A.pdf
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Summary i i i
[ Likelihood ] [ Decoding ] s1 $3 $3
arg ma’x p(81, 52,83 l o1 = 3a02 — ]-703 — 3)?
p(3,1,3)? B
arg max p(017 03, 03, S1, 52, 83)
i) =plononvons =i) o) = maxp(sui s, ous = )
A N
a(§) = i) -plsi =3 | si1 =1) - plor | s = j) v(j) = maiX?Jt—l(i) - tij - bj(o)
1=1 1=

N

p(0) =} ar(i) max v (i)



Viterbi

cerme i

[11Schootiof Engin:
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Source: US

Source: Forbes


https://viterbischool.usc.edu/news/2020/03/usc-viterbi-listed-again-among-the-nations-top-10-engineering-graduate-programs/
https://www.forbes.com/sites/karlfreund/2024/03/14/qualcomm-becomes-a-mobile-ai-juggernaut/

Problem 3: Learning



PrOblem 3: Learning F'("ICOT:)) 5 i | : P(HHO‘?)2 2
i8] 5] [

=> Given an observation sequence and the set of possible
states in the HMM, learn the HMM parameters, i.e.,
transition probabilities and emission probabilities.

@ @ @ @ GivenO={1.3,1.2.3.1,...}

[ o0 5) [ [ and the set of possible hidden states {H, C'},

find the T" and B matrices.

@ @ @ @



Simple Case
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p(H|C) =3 p(1[H)=0 p(1]C) =06
p(2[H)=025 p(2|C)=04
) pB[H)=075  p(3|C)=0

p(C|C) =75



